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Throughout this chapter, K will denote a compact set in the Euclidean

d-space R, usually with no additional regularity assumption.
1. DISTANCE FUNCTION AND HAUSDORFF DISTANCE
Recall that the distance function to K, denoted by d, is defined by
dg: RY = R
x — min | — p|| .
min 2 |

Definition 1.1 (Offset). The r-offset of K, also called tubular neighborhood

in geometry, is the set K" of points at distance at most r of K, or equivalently
the sublevel set K" := {x € R% dg(z) < r}.

Definition 1.2 (Hausdorff distance). The Hausdor(f distance between two
compact subsets A and B of R? can be defined in term of offsets:

dg(A,B) :==min{r > 0s.t. BC A" and A C B"}.

Loosely speaking, a finite set P is within Hausdorff distance r from a com-
pact set K if it is sampled r-close to K (P C K") and densely in K at scale
r (K C P").

As seen in last lesson, alternative characterizations of the Hausdorfl dis-
tance are given by

dig(A, B) = max {sude(a),supdA(b)} ,
a€A beB

and
du(A, B) = [|dp — dalls -

where || f|lo, = supgega [ f(2)]-
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2. CRITICAL POINT OF DISTANCE FUNCTIONS

The objective of this section is to give a sufficient condition ensuring that
the topology of the offsets K* do not depend on s € [r, R].

Definition 2.1 (Homeomorphism). Two topological spaces X, Y are called
homeomorphic if there exists a continuous bijection f : X — Y whose inverse
is also continuous. The function f : X — Y is called an homeomorphism
between X and Y.

Definition 2.2 (Isotopy). Two subsets X,Y C R? are said to be isotopic
if there exists a map f : [0,1] x X — R% such that:

- f(07 ) = idx;

- fL,X)=Y;

— for all t € [0,1], f(¢,-) is a homeomorphism onto its image.

In particular, two isotopic sets are homeomorphic.

To give a motivation, we recall the following celebrated result:

LeEMMA 2.3 (Isotopy Lemma). Let g : R — R be a C' proper function
(meaning that the sublevel sets of g are compact). Assume that g~'([r, R])
contains no critical poindl} Then,

— There exists a homeomorphism ® : [0, R — 7] x g *({r}) — ¢~ ([, R]).

~ g Y{r}) and g71({R}) are isotopic.

Sketch of proof. Consider the vector field V(z) := Vg(z)/||Vg(z)||* (thus
explaining the requirement Vg(z) # 0), and for x € g~1(r), define ®(z,t)
by integrating the vector field, i.e.

B(2,0) = z and %@(m) V(D 1)).

It is (rather) easy to check that ®(-,t) : g71(r) — g~ (r +1) is a homeomor-
phism, so that g~!(r) and g~!(R) are isotopic. O

The difficulty for applying this proposition to distance functions is that
these functions are usually non-smooth (i.e. merely Lipschitz-regular). Grove
introduced the following definition, which allows to define critical points
without using the gradient of d.

Definition 2.4 (Projection Function). A point p of K that realizes the
minimum in the definition of the distance function dg(z) is called a
projection of x on K. The set of such projections is denoted proj (), and
is always non-empty by compactness of K:

proj (z) = argmin ||z — p||.
peK

Definition 2.5 (Critical Point for Distance Function). Let K be a compact
subset of R%. A point 2 € R%\ K is called critical for di if it belongs to the
convex hull of its projection set, i.e. x € conv(projx(x))

Example 2.6. Let us check that this definition makes sense.
~ If K = {p,q} C R? with p # ¢, then the only critical point is z = %(p—}—q).

1A point z € R? is called critical for g € C*(R%,R) if Vg(z) = 0.
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~ If K = {p,q,7} C R? consists of three distinct points, denote by c the
circumcenter of the triangle [p,q,r| (i.e. the center of its circumscribed
circle, i.e. the intersection of the the line segment bisectors). The mid-
points of the edges are always critical points. Moreover, if ¢ belongs to
conv(pqr), it is critical (and one can check that if ¢ belongs to the interior
of conv(pgr), the critical point induces a change in topology of the offsets).

THEOREM 2.7 (Grove’s Isotopy Lemma). Let K be a compact set, and as-

sume that there exists no critical point in KI"Fl .= df_(l([r, R)) for 0 <r <

R < +o0. Then,

— There exists a homeomorphism ® : O(K") x [0, R — r] — K"l such that
®(-,0) = idy(xr)-

~ K" and K" are isotopic.

Proof. Similar but much more technical. O

3. HoMOoTOPY EQUIVALENCE AND WEAK FEATURE SIZE

The rest of these notes aim at answering the following question:

Given a sample P sampled densely enough near a “regular”

set K C R may we “recover the topology” of K" with P*
for some wisely chosen s > 07

To answer this question, we shall identify what a “regular” set may mean,
and in what sense we can “recover topology”.

Definition 3.1 (Weak Feature Size). The weak feature size of a compact
set K C R? is defined by

wis(K) = sup{R > 0 | di*((0, R)) contains no critical point}.

Definition 3.2 (Homotopy). Two continuous functions fy, f1 : X — Y are
called homotopic if there exists a continuous function f : [0,1] x X — Y
such that fo = f(0,-) and f; = f(1,-). We denote the fact that fo and f;

are homotopic by fo ~ fi.

‘ fo ‘ Homotopic
-« .
2 = (=t A
1 Not homotopic
I
\J
‘ Homotopi
-«

(B)

FIGURE 1. An example of two maps that are homotopic @)
and examples of spaces that are homotopy equivalent, but
not homeomorphic (b).
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Definition 3.3 (Homotopy Equivalence). A function f: X — Y is a ho-
motopy equivalence between X and Y if there exists a map g : Y — X such
that fog~idy and go f ~ idx. If this occurs, we say that the two spaces
are called homotopy equivalent or that they have the same homotopy type.
Example 3.4 (See Figure [I)).

— The unit ball X = B(0, 1) is not homeomorphic to Y = {0}, but X and Y’
are nonetheless homotopy equivalent. Consider f: X — Y the projection
map and ¢ : Y < X the inclusion. Then, go f =idy and go f = f. Now,
let fi:x € X — (1 —t)x+tf(x). Then, fo =idx and f1 = f.

— A circle and an annulus are also homotopy equivalent.

— A circle and a point are not homotopy equivalent, as we will see in next
chapter on homology.

Remark 3.5. The homotopy equivalences considered in the previous ex-
amples are called rectractions. Namely, f : X — Y is a retraction if the
restriction of f to Y is the identity map. A deformation retract is a homo-
topy between a retraction f : X — Y and the identity map on X.

Example 3.6. Let K be a compact set, and assume that K1"F = d;(l ([r, R])
does not contain any critical point. Consider f : d(K") — K" the in-
clusion map, and let ® : (K") x [r, R] — K[ be the homeomorphism
given by Grove’s Isotopy Lemma (Theorem . Define g : K[ — 9(K™)
as g = m o ® ! where 7 is the projection map on the first factor. Our
goal is to show that g is the homotopic inverse of f, and therefore that f
is a homotopy equivalence. First notice that g o f = idg(xr). For t € [0, 1],
define
¢ O(K™) x [0, R — 7] — KT
(x,8) — ®(x,ts)

and g; = ¢y 0 @1 : KPRl — KBl Then, gy = ¢ is homotopic to g; =
idg(r.r). Under the same assumptions, the inclusion K" < K% is also a
homotopy equivalence.

THEOREM 3.7 (Chazal, Lieutier). Let K, L C R? be two compact sets such
that dp (K, L) = € < g9 := 4 min(wfs(K), wis(L)).
Then, for every 0 < r < eqg, the offsets K" and L" are homotopic.

Remark 3.8. — In general, r cannot be set to 0 in Theorem [3.7] Said
otherwise, even if wfs(K) > 0, the homotopy type of K and that of its
small thickenings are not always the same An example is given by the
so-called Warsaw circle that we now describe. Let K C R? be the union
of K1 = {0} x [-2,1], Ko = [0,1] x {2}, K3 = {1} x [-2,1] and K, =
{(z,sin(27/z)),z € [0,1]} (see Figure [2)).

One can easily check that K is a simply connected compact set with
positive wfs(K) > 0, while the offsets of K are homeomorphic to annuli
and that K is the boundary of a topological disk [26, 2.4.8].

consists of a planar closed curve containing oscillations similar to the
ones of the graph of x — sin(1/x) near 0. Because of these oscillations,
the curve is simply connected. However any sufficiently small offset of the
curve has a nontrivial fundamental group and hence a different homotopy
type as the curve itself.
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FIGURE 2. A compact set with positive weak feature size
whose homotopy type differs from that of its offsets.

— Critical points are unstable with respect to the Hausdorff metric dgy.
Hence, Theorem should not be considered as a reconstruction result
from point clouds. Indeed, if L = P is a finite point cloud sampled on
K, then wfs(P) = 1min,syep |ly — 2| is half the minimum interpoint
distance in P, while di (K, P) would typically be of the order of the maxi-
mum interpoint distance max;ep dp\ 5} () of P. As aresult, the condition

“du(K,P) < 3 min(wfs(K), wis(P))” may not be fulfilled.

Proof. Let 6 > 0 be such that 2gg > 2z + §. Since du(K, L) < &, we have
the following commutative diagram, where each map is an inclusion:

@0 K6 +e a1 K6 +2e

do dl

K6

co c1

Ld bo L5+5 b L5+2€

By Grove’s isotopy lemma (Theorem , we know that K" and K° are
isotopic, as well as L” and L. Also from Theorem we know that the
inclusion ag : K% — K%t¢ is a homotopy equivalence and therefore that
there exist a map aal : K0t 5 K9 such that aoaal ~ idgs+e and aalao ~
idjs. Similar statements hold for aj,bg and b; as well. By transitivity
of homotopy equivalence, it therefore suffices to prove that e.g. ¢; is a
homotopy equivalence. More precisely, we will prove that bfl odyo a;l is a
homotopic inverse for ¢;. Indeed, since all maps are inclusion, we have

dloa():blodg, i.e. dlzblodooaal.

Then,
clob_loalloa_l:clob_loblodooa_loa_1
1 1 1 0 1
:clodooaaloal_l

~ id s toe,

where we used the equality c¢; o dyg = a; o ag to get to the last line. O
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4. GENERALIZED GRADIENT OF dg AND pu-CRITICAL POINTS

Remark 4.1. The distance function to a compact set K C R? has the
following properties:

(i) dg is 1-Lipschitz, and therefore differentiable almost everywhere.
(ii) dg is differentiable at x iff projy(x) is a singleton. We denote

Med(K) := {z € R? | card(proj(z)) > 1},

the medial axis of K, which by the previous remark has zero Lebesgue
measure, and 7 : R\ Med(K) — K the uniquely defined projection.

(iti) ¢x := |||* — d% is convex. For this reason, we say that dg is semi-
concave. In particular, d%( is as regular as a concave function.

Definition 4.2 (Generalized Gradient). Given z € R?\ K, let T (z) be
the convex hull of projy(x) and define the generalized gradient of dx at z
as

Example 4.3. — Given z ¢ K, V9dg(z) = 0 iff x € conv(projg(x)) iff x is
critical;

~ ||V9dk(x)|]| = 1 = dk is differentiable at z;

— If K ={p1,...,pn}, the generalized gradient can be evaluated easily, and
its flow follows the boundary of the Voronoi cells.

VIdg(z) :=

b>a
4P
K L7
Med(K) »~

. . . 4
Critical points  ~

FK(.T)
\\

T ——projg(z)

FIGURE 3. A set K C R? and its associated medial axis
and critical points. Notice that for the point x € Med(K)
displayed, [[V9dc(z)| = dpy ) (z)/dx (2) = 1/V/2.

THEOREM 4.4 (Lieutier). The vector field VId g is integrable, i.e.
7(0) =z
() = VIdg (v(1))

Moreover, if o : [0,R] — R? is the reparametrization of v by arclength
(assuming that v does not encounter critical points in the corresponding

Vo € R4\ K, 3y : [0, +00] — R? s.t. {
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time interval), one has
dic(o(r)) / IV9dxe(o(s))]] ds.

Definition 4.5 (Subdifferential, Directional Derivatives). Given a function
f:R% = R, we denote

Of(x) ={g e R |Vy eRY, f(y) > f(x) + (y — 2,9},
(a:+tv) f(:z:)

f'(z;v) := limsup
t—0t

LEMMA 4.6. Given z € R?, denote ' () the convex hull of projg(x) and
o = |1* =

(i) ¢k () = 2"k (2)

(1i) ¢y (w;v) = maxper, (z) 2(p, v)
(iii) (d%()/ (z;v) = Min,er . (2) 2(x — p,v)

(iv) i (50) = minper o) (22 0)

(v) [IVIdg ()] = max,)=1 dk (z;v).

Partial proof. (i) Since dg(x)? = infpex ||z — p||%,

ac(a) = ma ol 1o — pIP = mays I — 20z p),

for any projection p € proj (z) and y € R? we get

or(y) = llp* — 2(y,p) = dx(x) + (& — y,2p).

This gives us the inclusion 2projg(x) C d¢r(x), and taking convex
combinations of elements in projy(z) we get 2I'k () C ddx ().
(ii) From convex analysis, we know that ¢} (z;v) = maxgepg, (2)(9,v)-
With (i), this gives us the conclusion.
(ili)—(v) Follow easily.
(]

The following result provides quantitative stability of p-critical points.

THEOREM 4.7 (Chazal, Cohen-Steiner, Lieutier). Let K,L C R% be two
compact sets with dg(K, L) < & and let x € RY such that |VIdg(z)|| < p
Then, there exists a point y such that

Iz — yH < 2V/edk(x)
p = ||V (y)| < p+2v¢e/dk(x
Proof.
Step 1. Consider p = 7, (,)(7), so that 2p belongs to d¢x (), i.e. for every point
y € RY,
2 _ d2 > 2 o d2 2 _
lyll” — dk (y) = [lzf]” — d () + 2(z —y,p)

Since

Iz = ly* = (& -y, +y) = (@ —y,y — = + 2z)
= —|lz = ylI* + 2(z, 2 — y),
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we have
die(2) + [lz = y|* + 2(z — y, 2 — p) = di(y),
so that by Cauchy-Schwarz,
(@) + [lz = ylI* + 2udk (2) |z — y]| > dF(y).

Step 2. Now, for R > 0 to be chosen later, take o : [0, R] — R? the arclength
parametrization of an integral curve of V9dy, starting from o(0) = x. If
it reaches a critical point before the desired length R, there is nothing to
prove. If not, taking y = o(R) one has

R
dr(y) = dr(z) +/ V9 (a(r))] dr.
0
There must therefore exist p € o([0, R]) such that

o o)) < W AE),

Our goal is now to upper bound the norm of this generalized gradient.
Since we assumed that dg (K, L) < € we have using (4) that

dr(y) —dr(z) < dk(y) — dr(x) + 2¢

plz =yl | llz—yl?
<d 142 1 42
K (z) \/ + 1 (@) + 4 (2)? + 2

llz —y|*

< —_
pllz =yl + 2dr(x)

+ 2¢,

where we used the concavity inequality v/1+x — 1 < §. Dividing the

inequality by R and recalling that ||z — y|| < R, we get

R €
= ||V9d < Y 49°,
p = || V9d(p)ll u+2dK(x)+ 7

Now, take R so that the last two terms are equal, i.e. R? = 4d(z)e, we
get the theorem.
U

Definition 4.8 (y-Critical Point). Let K C R? be a compact set. A point

x € R% is called p-critical for dg if HVdg H . The critical function of
dg is defined as

Xk (r) = min |Vdg H

x€I(KT)

Remark 4.9. Thanks to the upper semi-continuity of the subdifferential of
a convex function, the function x HVdg((x)H is lower semi-continuous.
This implies that the minimum in the definition of yx is indeed attained.

COROLLARY 4.10. Let K, L be two compact sets with dy(K, L) < . Assume
that xx = p on [r, R] (wzth r>0). Then,

XL = it —2+/e/r on [r+2VeR, R —2VeR).
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5. RECONSTRUCTION OF COMPACT SETS
Definition 5.1 (pu-Reach). The p-reach of a compact set is defined as
reach, (K) =sup{r > 0| xx > p on [0,7]}
=sup{r > 0| Ve € K", ||VIdg(x)| = p}.
Example 5.2. Note that:
(i) p+ reach,(K) is nonincreasing.

(ii) For p > 0, reach,(K) < wis(K).
(iii) For u = 1, denote reach(K) := reach; (K). Then,

reach(K) =sup{r > 0| K" NMed(K) = 0};

Y
(iv) For compact smooth submanifolds, 0 < reach(X) < minimum radius of
curvature.

(v) For piecewise linear submanifolds, reach(X) = 0 but there exists p > 0
such that reach, (K) > 0.

(vi) The set K C R? of Figure [3| has wfs(K) = a, and

a for0<,u<1/\/§,

h,(K) =
veachy, (K) {0 for 1/v/2<pu<1

Exercise 5.3. Consider the set K C R? as depicted in Figure [3, but for
b < a. Draw its medial axis. What are its critical values? What are wis(K),
reach, (K) (0 < u < 1), and reach(K)?

THEOREM 5.4 (Chazal, Cohen-Steiner, Lieutier). Let K be a compact set
with positive p-reach, and L be an approximation of K with dg(K,L) < €.
Then, dr, has no critical values in the interval

I = (4e/p?, reach, (K) — 3¢).

In particular, if du(K, L) = € < kreach,(K) with k <
L® are homotopy equivalent as soon as

2
Emgﬁ’ then K" and
0 < r < reach,(K) and 4% < s < reachy, (K) — 3e.

o

Proof.

Statement 1. We prove first the statement about critical values. Assume by contradic-
tion that there exists € R? such that dy(x) € I and z is critical for L,

ie. ||Vdr(z)|]| = pz = 0. Then, by the stability theorem, there exists y
with

[z —yll < 2vedr(z)
py = ||V ()| < pe +2ve/di(z) < p

To get the contradiction, it therefore suffices to establish that dx(y) <
reach,, (K). To see this, recall that by semiconcavity one has (see (),

di.(y) <di(@) + |z =yl + 2pa Iz — ||
= dj () + ||z — g
< di(z) 4 4edy(z).
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By concavity of the square root,
dr(y) < dp(x)(1 4 2¢/dp(z)) = dr(z) + 2¢
< reach,(K) — 3¢ + 2¢
Finally, we use du (K, L) < € to get dg(x) < reach,(K), a contradiction.
Statement 2. Since d; has no critical values in I, it suffices to establish the statement

for s = 4¢/u?%. Note that

du(K, L*) < e+ 4e/p?

wis(L*) > reach, (K) — 3¢ — 4¢/u?

wis(K') > reach, (K),

where the second inequality uses the fact that L and L® have the same
critical points. From Theorem the result follows as soon as

du(K, L%) < % min(wfs(K), wfs(L?%))

—=¢(2 +8/u?) < reach, (K) — (3 + 4/u?)
—=e(5+12/p%) < reach,(K). O

6. SUPPORT RECONSTRUCTION FROM RANDOM PoOINT CLOUDS
6.1. Measure, Diameter, and Sampling.

Definition 6.1 ((a,b)-Standard Measure). The distribution y is said to be
(a,b)-standard at scale rq if for all € supp(p) and all r < o,

w(B(z, 7)) > ar’.

Roughly speaking, a measure that is (a,b)-standard at scale ry behaves
like the b-dimensional Lebesgue measure, though b needs not be an integer.
This assumption is pretty popular in the literature on set estimation, and
its properties will be used extensively in the results of this course. So far,
we have considered the case b = d in R? for Density Support Estimation. As
we will see shortly, such an assumption gives bounds on massiveness of the
support supp(p) C R?.

To measure massiveness of subsets K C R, we will (again!) use packing
and covering numbers. That is, numbers of balls optimally displayed at
some scale 7 in K. A r-covering of K C R? is a subset X = {z1,...,23} C
K such that for all x € K, dx(z) < r. A r-packing of K is a subset
Y =A{y1,...,yx} C K such that for all y,v' € Y, B(y,r) NB(y/,7) = 0 (or
equivalently ||y’ — y|| > 2r).

Definition 6.2 (Covering and Packing numbers). For K € R? and r > 0,
the covering number cv(K,r) is the minimum number of balls of radius r
that are necessary to cover K:

cv(K,r) = min {k > 0 | there exists a r-covering of cardinality k} .

The packing number pk(K,r) is the maximum number of disjoint balls of
radius r that can be packed in K:

pk(K,r) = max{k > 0 | there exists a r-packing of cardinality k} .
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For a given space K, covering and packing numbers usually have the same
order of magnitude, as stated in the following result.

PROPOSITION 6.3. For all K ¢ R and r > 0,
pk(K,2r) < cv(K,2r) < pk(K,r).

Proof. For the left-hand side inequality, notice that if K is covered by a
family of balls of radius 27, each of these balls contains at most one point of
a maximal packing ) at scale 2r. Conversely, the right-hand side inequality
follows from the fact that a maximal r-packing Y is always a 2r-covering. If
it was not the case, one could add a point xo such that dy(xo) > 2r, which
is impossible by maximality of ). O

It is crucial to note that any (a,b)-standard measure p has a controlled
support massiveness, in the following sense.

PROPOSITION 6.4. Let p be a (a,b)-standard probability distribution at scale
ro > 0. Then for r < 1o,

pk (supp(p), 1) < —.

For r < 2rg,

cv (supp(p),7) < —.

Proof. Let Y = {y1,...,yn}, N = pk (supp(u), ), be a maximal r-packing
of supp(u). We have

1= M(Rd) Z W (Ug\;B(yiﬂ“))
N

>3 1 (Bl )
i=1

> Nar® = pk (supp(p), ) ar’,

hence the first result. The bound on cv (supp(u), r) then follows from (6.3]).
(]

If it is assumed to be path-connected, one can derive an upper bound on
the diameter diam(K) = sup, ,cf ||y — 2| of such a support. This is based
on the following bound.

LEMMA 6.5. Let K C R? be a bounded subset. If K is path-connected, then
for alle >0, diam(K) < 2ecv(K,e¢).

Proof. Let p,q € K and 7 : [0, 1] — K be a continuous path joining v(0) = p
and v(1) = ¢. Writing N = cv(K,¢), let 1,...,2x € R? be the centers
of a minimal covering of K by open balls of radii e. We let U; denote
{t € [0,1]] ||v(t) — =;]| < e}. By construction of the covering, there exists
x(1y € {1,...,an} such that ||p—zq)|| < e. Then Uyy 3 7(0) = pis a
non-empty open subset of [0, 1], so that ) = sup Uy is positive. If t(;) =1,
then Hq — 37(1)” < ¢, and in particular [|g — p[| < 2e. If £;) < 1, since Uy
is an open subset of [0,1], we see that y(t1)) ¢ Uyy. But UY,U; is an
open cover of [0, 1], which yields the existence Uy such that v(t(1)) € Ura),
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and for all ¢+ < (1), ¥(t) ¢ Ur). Then consider t5) = sup Uy, and so
on. Doing so by mductlon we bulld a sequence 0 < ¢y < ... <71y <1,
for k¥ < N, and distinct centers 33(1),... (k) € {z1,...,xn}, such that
Hp— — Z() H €, with ny l)H eforl1<i<N and
H'y(t(z)) = T(i+1) H <efor1<i<N
for all 1 < i< N — 1. To conclude, Write

(@) — Tt <

lp —all < |lp =z || + [lzq@y — 2@ + la = 2w

N-1

<et ) llwn — 2y +e
i=1

< 2Ne = 2ecv(K,e).

Since this bound holds for all p,q € K, we get the announced bound on the
diameter of K. O

Thereby, the following Proposition follows from Lemma applied
with r = 2rg, together with Proposition

PROPOSITION 6.6. If i1 is (a, b)-standard at scale ro and has a path-connected
support supp(u), then

diam (supp(p)) < 4r5~"/a.

Remark 6.7. Path-connectedness is crucial here. Indeed, consider K, =
B(—z,1)UB(z,1) C R? for ||z arbitrarily large. Then diam(K,) = 2||z| +
1 — oo although the uniform distribution on K, is (a,d)-standard at scale
rog = 1 with fixed a > 0.

Further investigating the properties of (a,b)-standard measures at scale
ro > 0, let us now give the convergence rate of a sample point cloud X,, =
{X1,...,X,} towards its underlying support supp(u).

PROPOSITION 6.8. Let p be an (a,b)-standard probability measure at scale
ro >0, and X,, = {X1,..., Xy} is an i.i.d. n-sample with common distri-
bution u, then for all r < 27’0,

P (dH (supp(,u),Xn) > T) < 5 &XP ( a b) .

In particular:

(i) For all a« > 0, there exists Cop o > 0 such that for n large enough so
1/b
that (C’a, ba 107%”) < 2rq, with probability at least 1 — (%)a,

10gn>1/b

du (Supp(ﬂ)axn) < (Ca,b,a

(it) For all v < 2ro, dy(supp(n),X,) < 7 with probability at least 1 — 6, as
s0on as

/

% (log (1/r) + log (1/9)).

n =
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In other words, with n points, the typical density of sampling of a (a,b)-
standard measure is of order (logn/ n)l/ ®_ Roughly speaking, it relies on the
fact that standard measures have uniformly spread mass on their support.
Hence, an n-sample would visit all the areas of its support with high prob-
ability. This comes from the fact that the massiveness of supp(u) (in terms
of covering number) is controlled.

Proof. Since X,, C supp(p) with probability one, the Hausdorff distance
between X, and supp(u) rewrites as

du (supp(p),X) = sup  min [|X; — .

( n) wesupp(p) ISIST !
For some § > 0 to be chosen later, consider a minimal §-covering X =
{z1,...,xzn} of supp(u), N = cv(supp(u),d). By definition of a §-covering,
for all =z € supp(p) there exists some x;, € X such that ||z;, —z| < 0.
Hence,
; o < mi A o
i X — 2l < minlzig — 2 + X — i

S04 min X — i

<0+ max min ||X; — x4 .
1SN 1gj<n

As a consequence,

P (du (supp(p), Xp,) > 1) <P ( max min || X; — x| >r — 5)

IisSN 1sn

-

< P(min ||Xj—.7)l'||>7“—5>
But whenever » — § < rg, for all 1 < i <k,
P <1g1£n\|xj — x| > — 5) = H P (|| X; — ;]| > —0)
1<jsn

=1 - pB(z,r—19))"
< (1 —a(r— 5)b)n

< exp (—na(r - 5)b) .
Therefore, Proposition yields for all § < 2rg such that r — § < rg,

P (du (supp(p), Xpn) > 7) < cv(supp(u), 8) exp (—na(r - 5)b>

< Ci;bb exp (—na(r - 5)b> .

Setting 6 = r/2 yields the announced result. O
6.2. A Probabilistic Reconstruction Result.

THEOREM 6.9. Let p be a probability distribution and K = supp(u) be such
that:

— reach(K) > 0;
— w is (a,b)-standard at scale ro > 0.
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Let X, = {X1,..., Xn} be a i.i.d. sample of p, and ¢ < %reach(K) A 2rg.
Then for all and n > Cyy (log (1/€) +log (1/6)) /€°,

P <Kéreaeh(K) and X% are homotopy equz’valent) >1-09.

Proof. From Proposition|6.8, P (di (K, supp(p)) < €) > 1—6. Hence, on this
event, applying Theorem [5.4|with L = X,,, p =1, K = 1/17, r = reach(K)/2
and s = 4e yields the result. O

7. FURTHER SOURCES

These lecture notes are courtesy of Quentin Mérigot. Their structure
mainly follows [CL05] and [CCSL09].
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